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Abstract

For many distributed computing problems there exists a characterizing combinatorial struc-
ture. In other words, the existence of an algorithm for solving the problem on any graph G in
time T'(G) implies the existence of the structure in G with some parameter related to T(G),
and vice versa. Such relations go back to classic examples, such as synchronizers and sparse
spanners, and continue to emerge in recent studies of gossip algorithms and multicast algorithms
in different communication settings. In this article, we give an overview of both old and recent
results that illustrate these connections. We discuss how finding distributed algorithms as well
as proving lower bounds can be reduced to studying combinatorial graph structures.

“An algorithm must be seen to be believed”
— Donald Knuth, The Art of Computer Programming®

1 Introduction

Three decades ago, the 1985 JACM paper by Awerbuch [1] proposed synchronizers as a method for
running synchronous algorithms in an asynchronous environment, and gave the first constructions
of synchronizers. The power of Awerbuch’s abstraction lies in the fact that nothing about the
synchronous algorithm needs to be known, not even the problem that it solves. A synchronizer is
a simulation that simply takes as input any synchronous algorithm as a black box, and produces
an asynchronous algorithm that provides the same output, with some overhead in the number of
messages and the time it requires. The goal of synchronizers is to minimize these two measures. In
order to obtain efficient synchronizers, Peleg and Ullman [41] introduced the notion of a spanner,
which is a sparse subgraph that preserves distances up to some factor given as a parameter. They

!The complete quote ends with: “... and the best way to learn about what an algorithm is all about is to try it.”
Here we suggest the different viewpoint of visualizing an algorithm as a graph structure.
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showed that a good spanner gives an efficient synchronizer. Moreover, they showed the reverse
connection — that an efficient synchronizer induces a good spanner.

Such reciprocative relations between algorithms and combinatorial structures emerge in numer-
ous additional examples in distributed computing, where the existence of an algorithm for solving
a problem P on any graph G in time 7'(G) implies the existence of a certain structure Sp in G with
some parameters related to T'(G), and vice versa. The goal of this article is to survey several such
connections in the context of this common thread. Some of the examples, such as synchronizers and
spanners, are basic fundamental results that are taught today in standard distributed computing
courses. Others are recent results from the past couple of years. The author finds it important to
take a step back once in a while and try to identify the higher-level concepts that underly our field.

2 Synchronizers and Spanners

The simplest way to simulate a synchronous algorithm in an asynchronous system is to simply
attach a round number to every message sent?. That is, if in round r of the synchronous algorithm
A, node v sends message m to its neighbor u, then in the synchronizer S node v sends to u the
message (r,m). To retain the correctness of A, node v has to wait until it receives all messages
sent to it by its neighbors in round r before it can send out a message of round r + 1. But the
synchronizer S is running in an asynchronous system, so how would v know whether it still has
to wait for a message (r,m) from u or whether v has no message to send to v for round r? This
is crucial in order to avoid waiting indefinitely. One way to solve this is to have u send an empty
message (r, L) in case it does not have any content to send for round r. The drawback of such
a solution is that it requires communicating over all edges for simulating every single round of A,
which can be much more than needed by A.

To formally capture the task and the measures of complexity of interest, we define a synchronizer
S as an asynchronous algorithm that receives as input a synchronous algorithm A and its inputs,
and produces the same output as A. The message overhead of S is the worst-case value of the ratio
between the number of messages it sends per round and the number of messages sent by an input
algorithm. Another measure of interest is the time overhead, which is defined similarly, except that
instead of messages we count time, where one time unit is measured by the delivery of a message.
For the simple synchronizer described above, the message overhead is O(|E|) and the time overhead
is O(1).

One way to avoid the need for sending empty messages is to send an acknowledgement for
every received message. In more detail, let every node v that receives a message (r,m) from its
neighbor u send back to node u a message (7, ack). Once node u receives acknowledgements from
each neighbor to which u has sent a message (r,m), then u knows that all its messages for round r
have been received, and therefore it considers itself safe and sends out to all its neighbors a message
(r,safe). Now, a neighbor v of u that does not receive (r,m) from u, but does receive an (r,safe)
message from wu, knows that it should not wait for a message (r,m) from w. If this holds for all
neighbors of v then it can go ahead and send out its (r + 1,m) messages. Clearly, sending safety
messages as described above does not overcome the need to send information on every link in the
graph. However, this idea can be used along with additional mechanisms to reduce the message
overhead, as follows.

*We emphasize that we assume no faults in this setting.
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Awerbuch [1] presented synchronizers that are based on spanning trees. Here, we will show the
relation to spanners, as introduced by Peleg and Ullman [41]. A k-spanner is a subgraph S = (V, E')
of G, where E' C E and for every u,v, € V it holds that dg(u,v) < kdg(u,v). That is, the distance
in S between any pair of nodes is at most k times their distance in G. The parameter k is called
the stretch of the spanner.

As before, assume that we are given a k-spanner S of GG. For each round r, let each node v send
out (r,m) messages to its neighbors, and consider itself safe after receiving all (r, ack) messages from
its neighbors. However, instead of sending (r,safe) messages to all of its neighbors, v now sends
(r,safe) messages to its neighbors within the spanner S, and waits to receive (r, safe) messages from
them. After repeating this exchange of safety messages for k iterations, v can move on to sending
(r+1,m) messages. The reason that this works is because a simple induction proves that at the end
of iteration 4, for 1 <14 < k, all nodes within distance ¢ of v in S are indeed safe. Since any neighbor
of v in G is within distance at most k£ from it in S, it holds that after k iterations, all neighbors
of v in G are indeed safe. The time overhead of this spanner-based synchronizer depends on the
stretch and is O(k), while its message overhead depends also on the sparsity of the spanner and is
O(kM), where M is the number of edges in the spanner. In this sense, the existence of a sparse
spanner with a small stretch implies the existence of a time- and message-efficient synchronizer,
and the following theorem is proven.

Theorem 2.1. [/1] A k-spanner with M edges implies the existence of a synchronizer with a time
overhead of O(k) and a message overhead of O(kM).

As promised, this relationship goes both ways. We now show that the existence of an efficient
synchronizer implies a sparse spanner with a small stretch.

Theorem 2.2. [/1] A synchronizer with a time overhead of T and message overhead of M implies
the existence of a T-spanner with M edges.

Proof. Assume there is a synchronizer which has a message overhead of M and a time overhead
of T for simulating a single round of a synchronous algorithm. Let S C E be the set of edges of
the graph over which messages are sent in the synchronizer. Since the message overhead is M and
messages are only sent on edges of S by definition, we have that the size of S is at most M. Further,
since at least one bit of information must pass between each pair of neighbors of G when simulating
a single round of a synchronous algorithm in order for them to know whether they should wait for
a message from each other, we know that .S contains a path between every pair of neighbors in G.
This path has to be of length at most T since this is the bound on the time it takes for information
to travel between every pair of nodes. Hence, S is a T-spanner with M edges. 0

Since there are known lower bounds that relate the sparsity and the stretch of spanners, we
immediately get lower bounds for the trade-off between time overhead and message overhead of
synchronizers.

The power of relating distributed graph problems and combinatorial graph structures lies exactly
in this duality, which appears in many additional cases, as exemplified in the following sections.

3 The Gossip Model and Spanners

In this section we discuss another distributed problem that corresponds to spanners. The model of
computation addressed in the discussion about synchronizers is called the Local model (see [39]).
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The Local model is a basic model for distributed computing, which focuses on the fundamental
property of locality by abstracting away other characteristics, such as failures or bounded mes-
sages. Therefore, the model asks what is the number of rounds required for a computation, or,
alternatively, what is the distance that information has to travel in order to solve a task in question.
Being such a crucial model for understanding distributed computing, the Local model was widely
studied by our community. Additional models are also important and bring to light other inherent
properties of distributed systems, and one of them, the Gossip model, is the one we address next.

The Gossip model is a synchronous model, in which the following constraint is imposed over the
communication. In each round, every node may initiate contact with at most one of its neighbors,
and may communicate only with that neighbor and any other neighbor that initiated contacted
with it. At best, at most n edges can be communicated over per round.

The Gossip model was introduced by Demers et al. [11], for studying replicated data bases, and
has been afterwards used for many additional applications. The Gossip model is clearly not easier
than the Local model, in the sense that any algorithm running in the Gossip model in T rounds
can also run in the Local model in T rounds. For the other direction, it is easy to see that within
A rounds, where A is the maximum degree in the communication graph G, one can simulate a
single Local round, by contacting neighbors in round-robin. Therefore, any algorithm running in 7'
rounds in the Local model can be executed in AT rounds in the Gossip model. Since A can be as
large as n, this is a very expensive simulation, raising the question of how hard really is the Gossip
model, compared to the Local model.

In many similar scenarios, a successful approach is to use randomization. Consider the context
of information spreading, a problem in which each node has an initial input that needs to reach
all other nodes. Karp et al. [30] studied a related random phone call model which corresponds to
a complete graph. Their work has received much additional attention, such as in bounding the
number of calls [12], bounding the number of random bits used [26, 25], and bounding the total
number of bits [20].

For general graphs, choosing a neighbor uniformly at random in each round may not perform
much better than the round-robin deterministic solution. A simple example is the barbell graph,
consisting of two cliques connected by a single edge, in which for each of the two central nodes,
the probability of contacting the other is ©(1/n), which implies at least a linear number of rounds
in expectation just in order to simulate one Local round. Indeed, the connectivity of the graph
has a great impact on the efficiency of the uniform random algorithm. Many papers analyzed the
uniform random algorithm with respect to some notion of connectivity[10, 37, 23, 44, 24], and
additional papers studied other algorithms for information spreading [9, 15, 16, 18] and additional
problems [31, 32|, as well as different families of graphs [13, 14, 19] or with respect to different
graph parameters [17].

Peeking back at the Local model, one can see that solving such a problem clearly requires
exactly D rounds. If we could simulate a single round of the Local model, a problem referred to as
neighbor exchange, faster than the trivial A-round solution, we could solve information spreading
faster than AD rounds. Notice that, similarly to simulating a single round by a synchronizer,
the neighbor exchange problem requires each node to obtain information from all of its neighbors,
perhaps indirectly. The obstacle here, as before, is the possibility of many edges.

To study the relation between spanners and information spreading algorithms in the Gossip
model deeper, we follow [8]. Assume that we are given a k-spanner S of G, with maximal degree
Ag. If each node contacts all of its neighbors in S in round-robin for Ag rounds then it would
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manage to collect the information from all of its neighbors in S. If the nodes repeat the above
for k iterations then each node collects information from any node within distance at most k in
S. Since S is a k-spanner of G, this implies that it collects information from all of its neighbors
in G. This gives a solution to the neighbor exchange problem in Agk rounds, and a solution to
the information spreading problem in AgkD rounds. More generally, we can simulate any 7-round
Local algorithm in AgkT rounds.

The above result can be improved if we consider additive spanners: An (o, 3)-spanner S of G is
a subgraph for which for every two nodes u, v, the distance dg(u,v) is at most adg(u,v) + 8. The
following statement reduces to the previous expression when o« = k and 8 = 0, and can be shown
for larger 8 with some additional arguments.

Theorem 3.1. [8] The simulation of a T-round Local algorithm given an («, [3)-spanner S can be
done in O(AgaT + AgfB) rounds.

While the above can be fast when Ag is small, it is important to notice that not every graph
has a spanner with small degrees. The simplest example is a star, where the degree of the center
is linear in m. As the star is a tree, its only spanner is the graph itself. However, any algorithm
terminates in 2 rounds on the star graph, as all leaves always contact the center, sending their
information to it in the first round, and collecting all information in the second round. So, the
intuition here is that we do not need to care about the maximal degree, but rather we need to
direct the edges of the graph such that the maximal outgoing degree is small.

Indeed, it is possible to direct the edges of a graph with hereditary density § such that the
maximal out degree would be O(¢§). This can be done in the Gossip model within O(d logn) rounds.
Formally, the hereditary density of a graph is the minimal integer ¢ such that the subgraph induced
by any subset of nodes U C V has at most §|U| edges. Intuitively, it captures sparsity in a more
subtle way than the maximal degree. Thus, it is possible to show the following theorem, which
generalizes the usage of an («, §)-spanner.

Theorem 3.2. [8] Given an (o, B)-spanner S with hereditary density dg, simulating a T-round
Local algorithm can be done in O(dglogn + dsaT + ds3) rounds.

The reason that this is a significant improvement, is that it is possible to show that every
graph has a sparse spanner with small hereditary density, as opposed to small maximal degree.
For example, using the framework of Pettie [42], one can obtain a constant-stretch spanner with
hereditary density O(1) for any graph. Moreover, Pettie gives a construction of such a spanner in
the Local model within O(polylogn) rounds. The work in [8] shows that this construction can be
simulated in the Gossip model within O(poly log n) rounds, to produce an (O(1), poly log n)-spanner
with hereditary density O(1). This gives that after the preprocessing of constructing the spanner
in O(polylogn) rounds and directing its edges in O(logn) rounds (as dg here is O(1)), one can
simulate a T-round Local algorithm in O(T+poly log n) rounds (as a = O(1) and 8 = O(poly logn)
in S). In other words, since the preprocessing takes only poly logn rounds, this gives that any 7-
round Local algorithm can be simulated in the Gossip model in O(T + poly log n) rounds, which is
only an additive polylogn overhead to the Local model.

To conclude this discussion, we discuss the other direction of the relation between spanners
and information spreading algorithms in the Gossip model. We notice that any algorithm that
solves the neighbor exchange problem in the Gossip model in T" rounds induces a T-spanner with
hereditary density O(T'), obtained by considering the edges that the algorithm uses. This allows
us to derive lower bounds for the neighbor exchange problem, as follows.
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Theorem 3.3. [§8] There exist graphs for which simulating a single Local round requires
Q(logn/loglogn) rounds.

Proof. Tt is known [40] that there are graphs with girth (length of the shortest cycle) g and at
least %nlﬂ/ 9 edges. In such a graph any (g — 2)-spanner has to be the original graph itself, since
removing a single edge causes the end-points of the shortest cycle to have distance at least g — 1.
Thus, the only spanner, identical to the original graph, has at least %nlﬂ/ 9 edges and density at
least %nl/ 9. Therefore, for such graphs, the number of rounds 7'(n) required for solving neighbor
exchange is at least maxy{min(g — 2, in'/9)} = Q(logn/loglogn). O

4 Congestion Models and Tree Packings

We now leave the domain of spanners and address other graph structures that represent distributed
graph algorithms, but we focus again on the problem of information spreading. We study two
different communication models. The setting we consider in this section is when there is some
limited capacity to communication per round. The first model we consider is the traditional Congest
model [39], where there is a bandwidth of b bits that can be sent on any edge in a single round,
where typically b = O(logn). The second model we will consider is the Vertez-Congest model.
This model is similar in spirit to the Congest model, but here the congestion is imposed on the
nodes rather than the communication links: in each round a node sends the same b-bit message
to all of its neighbors. One way to view the Vertex-Congest model is as a model that abstracts a
wireless network operating on top of a MAC layer that handles collisions.

We assume that the bandwidth b is large enough to carry any single piece of information that
needs to reach the nodes of the network, and ask what is the throughput that we can obtain in such
models. In other words, we ask how many messages can complete their spreading in each round.

Figure 1: Toy example: Can we obtain a throughput of k in a k-connected graph?

Let us begin by considering the following toy example, depicted in Figure 1. Assume the graph
has a bottleneck, that is, the size of its smallest cut is k = 1. Clearly, the throughput in this graph
cannot be more than 1, as only a single piece of information can cross the cut in any given round.
It is also easy to show [45] that N messages can complete in O(D + N), where D is the diameter
of the graph. But what if the graph has better connectivity? Can we hope for a throughput of &
in a k-connected graph?
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4.1 The Congest model and spanning tree packings

We first address the Congest model, and define formally what we mean by k-connected graphs. A
k-edge connected (or k-connected) graph is a graph which does not get disconnected despite the
removal of any k — 1 edges. By Menger’s Theorem [36] we know that in such a graph, any two
nodes u,v are connected by at least k edge-disjoint paths. However, this alone is insufficient for
our needs, as the paths between different pairs of nodes may intersect. What does help here is the
notion of tree packings.

Suppose S is a spanning tree of a graph G. Sending messages over the edges of S guarantees
that they reach all nodes of the graph. If there are two spanning trees for G that are edge-disjoint,
then we could route two separate streams of messages over their edges in parallel, obtaining a
throughput of 2. This generalizes easily, so that if P is a set of edge-disjoint spanning trees of G of
size s, then one can obtain a throughput of s. The set P is called a spanning tree packing. In fact,
for our purposes, one can relax the disjointness requirement, and talk about a fractional spanning
tree packing. In a fractional tree packing P, a weight wg is given to each tree S € P, and the
requirement is that the total weight of each edge does not exceed 1. That is, it is required that for
every e € I, Z{Sep s.t. ees} WS < 1. A tree packing of disjoint trees is simply an assignment of
weight 1 to all trees. The size of the packing P is now not the number of trees in it, but rather
their total weight > ¢ pws.

Figure 2 shows an example of a spanning tree packing that consists of three spanning trees.
Giving each tree a weight of 1/2 results in a packing of size 3/2. Any non-fractional packing of this
graph has size at most 1, because any spanning tree must use three edges.

1,2

1,2 2,3

Figure 2: An example of a spanning tree packing of size 3/2 with three trees {1,2,3} of weight 1/2
each. Each edge is labelled with the spanning trees to which it belongs.

Given a fractional tree packing P of size s one can obtain a throughput of s, by having each
edge share time between the trees in P that it is part of, proportional to their weight.

The above implies that our goal would be to find tree packings as large as possible. A simple
upper bound for the size of any tree packing in a k-edge connected graph is k, as every spanning
tree in the packing must cross the min-cut.

Moreover, it is known by classical results of Kundu, Nash-Williams, and Tutte, that any k-edge
connected graph has a spanning tree packing of size [(k — 1)/2], and that this is tight [46, 33,
38]. This gives that we can achieve a throughput of [(k —1)/2] in any k-edge connected graph.
Centralized algorithms for finding such tree packings have been given in [21, 2], and a distributed
algorithm that finds a packing of size [(k — 1)/2] (1 — €) was given in [5].

As promised, the relation between algorithms for spreading information in the Congest model
and spanning tree packings goes both ways. Suppose that an algorithm with throughput s is given.
By definition, the edges over which any single message is sent induce a spanning subgraph, which,

ACM SIGACT News 8 March 2015 Vol. 47, No. 1



by removing cycles, can be made into a spanning tree. With some additional details, it is possible
to show that these trees induce a fractional spanning tree packing of size s.

4.2 The Vertex-Congest model and dominating tree packings

The second model of computation we address in this section is the Vertex-Congest model. Recall
that in this model the same b bits of information are sent to all the neighbors of a node in any
single round.

We are again interested in the achievable throughput of disseminating information throughout
a network whose underlying graph has a better connectivity than the toy example of Figure 1.
Edge-connectivity and spanning tree packings are insufficient notions for this model, because a
node cannot exploit its multiple outgoing edges as it has to send the same message to all of its
neighbors. Instead, we address graphs that are k-vertex connected, which are graphs in which the
deletion of any k — 1 vertices does not disconnect it. As in the case of edge-connectivity, Menger’s
Theorem [36] tells us that every two nodes in a k-vertex connected graph are connected by at least
k vertex-disjoint paths. We need a structure that we can use in a similar way to the use of spanning
tree packings in the Congest model, which will allow us to send information in parallel between
different pairs of nodes, whose k vertex-disjoint paths may intersect.

The analogue structure that is useful here is a dominating tree packing. A dominating tree S
is a tree connecting a set of internal nodes Vg C V which dominate the graph. That is, Vg is a
connected set of nodes such that every node in V' is either in Vg or is connected to a node in Vg.
Domination guarantees that if all nodes of a dominating tree send a message then it reaches all the
nodes of the graph. In order to achieve a larger throughput, we can send messages in parallel over
several vertex-disjoint dominating trees.

To formalize the above, we define a fractional dominating tree packing P as a set of dominating
trees, where each tree S € P has a weight wg, such that the total weight of each node is at most 1,
i.e., for every v € V it holds that Z{Sep st veVg) WS < 1. The size of the packing is the sum of all
weights. When all weights are equal to 1 this gives a set of vertex-disjoint dominating trees, whose
size is the number of trees. The main observation is that here again a dominating tree packing of
size s provides a backbone for sending information over the network with a throughput of s, by
having each node share its time between the dominating trees it belongs to, proportional to their
weight. Hence, in order to obtain high throughput, we are interested in finding large dominating
tree packings.

For a k-vertex connected graph, one cannot hope for a dominating tree packing of size more
than k, and, in fact, it was shown [6] that there exist graphs for which the largest possible packing
has size of at most O(k/logn). Unlike the edge-connectivity case, this implies that the gap between
the connectivity and the possible size of a tree packing is at least logarithmic.

It turns out that the above is not only a bound on the size of a dominating tree packing but can
actually be achieved. It has been shown [6] that dominating tree packings of size Q(k/logn) exist
in k-vertex connected graphs, and efficient distributed and centralized algorithms for obtaining
them were shown in [5]. The above also shows how to obtain an O(logn)-approximation of the
vertex-connectivity of the graph. These results require techniques that are entirely different from the
classical tree packing results for graphs based on their edge-connectivity, due to inherent differences
between minimum edge cuts and minimum vertex cuts.

Finally, as in previous examples in this article, the existence of an algorithm for disseminating
information with throughput s implies the existence of a dominating tree packing with size s. This
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follows, with some technical arguments, from the observation that the nodes which send a particular
message must form a connected set and they also form a dominating set since the message reaches
all nodes. Therefore, we have the following.

Theorem 4.1. [6] There is an algorithm for disseminating information with throughput ©(s) in
G if and only if there is a dominating tree packing with size ©(s) in G.

However, it is worth mentioning that this does not imply that lower bounds on the size of
dominating tree packings induce lower bounds on the throughput of algorithms for disseminating
information, but rather the above argument only holds for the case of so-called store-and-forward
algorithms, which do not manipulate the messages they send but only forward them as is. It is
known (following the analysis of [27]) that using network coding, it is possible to obtain a throughput
of k in a k-vertex connected graph. This, however, has the limitation that the coefficients needed
for coding the messages are too large for the vertex-congest model, implying that this important
question of the optimal throughput is still open.

5 Coloring and Acyclic Orientations

We now leave the task of disseminating information, and conclude with a classic and simple example.
The last example we give is of coloring. A k-coloring is an assignment of colors in {cy,...,c;} to
the nodes of the graph such that no two neighbors share the same color. In a distributed setting,
we require each node to eventually output a color such that the above holds. We assume the Local
model of communication, in which the nodes can send messages of arbitrary size to their neighbors
in each round.

We discuss here the simple connection between colorings and acyclic orientations, and we follow
the presentation in [4]. This connection was used in coloring algorithms by orienting edges, such
as the algorithm of Barenboim and Elkin [3].

An acyclic orientation is an orientation of the edges of the graph such that no directed cycle
is formed. The length of an acyclic orientation is the length of the longest directed path in it.
The following is known as the Gallai-Hasse-Roy-Vitaver Thoerem, proven independently by several
authors in the 1960’s.

Theorem 5.1. [22, 43, 29, 47] Given an acyclic orientation of G of length k, there is a (k + 1)-
coloring algorithm requiring k + 1 rounds.

Proof. Assume we are given an acyclic orientation of length k. Then, one can find a (k+1)-coloring
in k£ + 1 rounds as follows: In round i, every node for which all of its parents are already colored,
chooses the color ¢; and sends it to its neighbors. By a simple induction, it is easy to see that this
gives a (k 4 1)-coloring. O

This can be improved if we know that the in-degree of the acyclic orientation is at most some
value d. We simply change the color that is chosen to be the smallest one that is not used by the
node’s parents. That is, in round ¢, every node v for which all of its parents, denoted by the set
P,, are already colored, chooses the color ¢, where j = min{i | ¢; is not chosen by P,} and sends
it to its neighbors. This gives a (d + 1)-coloring.

It is also easy to obtain an acyclic orientation of length k from a (k 4 1)-coloring, by simply
directing each edge toward its endpoint with the larger color among the two [4], giving the other
direction of the relation between distributed graph coloring and acyclic orientations.
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6 Discussion

This article attempts to draw attention to a horizontal theme that is common to many research
directions in distributed computing. However, it by no means provides any complete survey of
research in which distributed algorithms correspond to combinatorial graph structures. The author
is aware of additional examples and is always happy to learn about and discuss even more of those.

It is also the case that distributed algorithms correspond to combinatorial structures in a much
wider sense. There are many examples where an algorithm for a given graph G corresponds to a
structure in some related graph Hg, rather than in G itself.

Perhaps the simplest example is that of the relation between coloring and finding a maximal
independent set (MIS). It is easy to see that a k-coloring gives an MIS algorithm that completes in
k rounds, by having iterations (starting with the graph G itself) where all remaining nodes of color
1 enter the MIS and are then removed along with all of their neighbors from the processed graph.
It is also known [35] that an algorithm for finding an MIS in T'(n, A) rounds gives an algorithm
for finding a (A + 1)-coloring in T'(n(A + 1),2A) rounds, but here the coloring algorithm uses the
MIS algorithm on a different graph H¢g that depends on G. In this sense this is not very different
from the standard notion of a reduction between tasks.

Another example arises in Linial’s O(log™ n) lower bound for MIS or 3-coloring in rings [34].
At a very high level, the proof shows that a distributed algorithm for coloring an n-node ring in T’
rounds requires the existence of a 3-coloring of a different graph, denoted by Br,. In this graph,
each node corresponds to every possible local view of every node after T rounds, and two nodes
are connected by an edge if their local views are consistent, that is, they correspond to some ring
in which they are neighbors. The reason that a 3-coloring algorithm running in 7" rounds on a
ring implies a 3-coloring on Br, is that every node has to choose its output based only on its
T-neighborhood, and the color should be different from the color chosen by any possible view its
neighbors have after T rounds.

The above examples are slightly different than the ones given in the previous sections, in the
sense that they address structures in graphs that differ from the input graph. Nevertheless, they
of course shed light on the distributed tasks at hand.

Intriguing questions that arise in the context of this article are the following. The first is, when
does a distributed computing problem correspond to a graph structure that is natural to describe?
Does it always occur when considering simulating one network model in another? Can this be
formalized in some way?

Regarding the specific examples covered in this article, one important question that remains
open concerns the Gossip model. It has been shown in the algorithm of [7] and in the much-improved
round complexity algorithm of [28] that neighbor exchange can be solved in a robust manner, that
is, with tolerance to faults. This gives O(T log? n) rounds for simulating a T-round Local algorithm
in a robust way. However, using the spanners mentioned in Section 3 is highly non-robust, as they
are static structures. It remains open whether one can obtain both the O(T +poly log n) complexity
for the simulation as well as robustness.

In fact, robustness becomes an issue in many algorithms that rely on static graph structures,
and obtaining robust algorithms is an important goal for many of the discussed problems.
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